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The precision of typical thermometers consisting of N particles is shot noise limited, improving as
∼ 1/√N . For high precision thermometry and thermometric standards this presents an important
theoretical noise floor. Here it is demonstrated that thermometry may be mapped onto the problem
of phase estimation, and using techniques from optimal phase estimation, it follows that the scaling
of the precision of a thermometer may in principle be improved to ∼ 1/N , representing a Heisenberg
limit to thermometry.
Temperature is a surprisingly subtle concept: it is eas-
ily percieved, yet it took 300 years to formalise the con-
cept in operationally useful terms [1]. One of the prin-
cipal challenges in understanding temperature and ther-
modynamics was the development of practical and accu-
rate thermometers capable of measuring thermodynamic
temperature. Indeed, this remains an outstanding issue
in modern thermometry: the relative uncertainty in the
CODATA value for kB is ur = 1.7×10−6 [2]. This makes
it one of the least precisely measured fundamental con-
stants, surpassed only by Newton’s Gravitational con-
stant for imprecision in the CODATA values.
With a few exceptions, thermometers generally con-
sist of a system of low thermal mass which is brought
into thermal equilibrium with a bath of interest. Follow-
ing thermalisation of the thermometer, some state pa-
rameter of the thermometer is measured from which the
temperature of the thermometer, and thus the bath, is
inferred. A low thermal mass is required to minimise the
heat transferred between the bath and the thermometer
compared to the total internal energy of the bath, so that
the temperature of the bath is only slightly perturbed.
For thermometric standards, the requirement of small
thermal mass is less important. The current CODATA
value of kB is derived from measurements of a de-
vice embedded in an ice/water bath held at the triple
point of water (TPW), which is defined to be exactly
TTPW = 273.16 K [3]. At the triple point, the tempera-
ture of the bath is independent of the internal energy of
the bath, so the relative sizes of the thermometer and
the bath are largely irrelevant. In practise however, hav-
ing a thermometer of small spatial extent is important for
technical reasons: minimising temperature and pressure
variations is easier over a smaller volume.
Given the inherent advantages of small thermometers
to both thermometry and thermometric standards, it is
natural to enquire about the ultimate constraints that
thermometer size imposes on the precision in measuring
β−1 = kBT . In this letter, I first establish that thermalis-
ing thermometers are intrinsically shot-noise limited, i.e.
the precision of such a thermometer comprising N parti-
cles cannot scale better than σβ ∼ 1/
√
N , assuming only
that the total internal energy is an extensive parameter.
This shot-noise scaling is demonstrated in a very sim-
ple model consisting of N independent atoms. Extending
this simple model, I introduce a new class of thermometer
that does not attain thermal equilibrium with the bath
it is measuring. Instead, the temperature of the bath is
mapped onto a phase factor in the quantum state of the
thermometer, which is then estimated using interferomet-
ric methods. By exploiting techniques developed for opti-
mal phase estimation, I show that this non-thermalising
thermometer is capable of attaining Heisenberg limited
scaling, i.e. σβ ∼ 1/N .
To establish the shot noise limit in thermalising ther-
mometers, consider a thermometer in the thermal state
ρ = e−βH/Z, (1)
where Z = Tr{e−βH}. Assuming that the average inter-
nal energy of the thermometer is extensive, it is given by
E¯ = −∂ lnZ∂β = Nε¯(β), where ε¯ is the average internal en-
ergy per particle, which is independent of N . Since ε¯(β) is
a monotonically increasing function of temperature, the
sample standard deviation of ε¯ and β are related by the
identity
σβ = σε/ε¯
′, (2)
where ε¯′ = |dε¯/dβ|. To calculate σε, note that the sample
variance in the total internal energy is given by
σ2E =
∂2 lnZ
∂β2
= −∂E¯
∂β
= Nε¯′. (3)
which demonstrates that the variance in the total inter-
nal energy of the thermometer is extensive. The relative
uncertainty in the energy per particle is thus
σε
ε¯
=
σE
E¯
=
1√
N
√
ε¯′
ε¯
(4)
Equations (2) and (4) together imply that
σβ =
1√
N
1√
ε¯′
, (5)
thus establishing the shot noise limit on extensive, ther-
malising thermometers.
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2This result may also be derived without explicit refer-
ence to any measurement parameter by computing the
Fisher information, F (β), for a thermal state. Since the
thermal state is diagonal in the energy eigenbasis, it
is straightforward to show that F (β) = σ2E . It is then
apparent that Eq. (5) saturates the Fisher inequality
σβ ≥ 1/F (β) [4, 5], and so Eq. (5) indeed represents
the ultimate limit of the precision of a thermalising ther-
mometer.
This scaling is potentially a significant issue for high
precision thermometry. One promising avenue currently
being pursued to improve the precision of measurements
of kB relies on Doppler gas thermometry, in which high
precision spectroscopy of a gas in thermal equilibrium
with a TPW bath reveals the Maxwell-Boltzmann distri-
bution of velocities [6–8], whose width is a direct measure
of kBTTPW. In recent Doppler thermometry experiments
in alkali vapours the atomic flux through a beam of ∼ 10
cm length and 2 mm diameter is N˙ ∼ 1015 atoms/sec
[9]. The limit to the precision of such a thermometer is
then σβ ∼ (N˙τ)−1/2 ≈ 10−7.5τ1/2, where τ is the integra-
tion time. At 1 second this sets a maximum precision in
measurements of kB of 1 part in 10
7.5, which is about 1.5
orders of magnitude better than the current CODATA
estimates for kB .
The shot noise scaling of a thermalising thermometer is
exhibited by a toy model of N identical, non-interacting,
two-level atoms, each with energy eigenstates |g〉 and |〉.
The Hamiltonian is simply
Hth =
N∑
j=1
Hj , where Hj = |〉j . (6)
To simplify the analysis, suppose the thermometer atoms
first come into thermal equilibrium with the bath, then
they are adiabatically isolated from the bath, and finally
the total energy of the atoms is measured to infer the
temperature. The partition function for the thermometer
atoms is
Z = Tr{e−βHth} = (1 + e−β)N (7)
and the internal energy and its variance are
E¯ = 〈Hth〉 = −∂ lnZ
∂β
= N

1 + eβ
, (8)
σ2E = 〈H2th〉 − 〈Hth〉2 =
∂2 lnZ
∂β2
= N
2eβ
(1 + eβ)2
, (9)
which are explicitly extensive. By inspection, ε¯ = 
1+eβ
,
and this, along with the relative uncertainty in β, are
plotted in Fig. 1.
This scaling behaviour, σβ ∝ 1/
√
N , is strongly rem-
iniscent of the standard quantum limit to phase estima-
tion of an unknown phase, φ, in one branch of an inter-
ferometer. The standard quantum limit is a consequence
of shot noise intrinsic to the states incident on the input
0 2 4 6 8 10
0
0.1
0.2
0.3
0.4
0.5
0
2
4
6
8
10
Β Ε
¶
Ε
N
ΣΒ
Β
FIG. 1: Energy per particle, ε¯, and relative sample uncertainty
in β, scaled by
√
N , given by Eq. (5), for the toy thermometer
consisting of N independent, two-level systems.
ports of the interferometer. In particular, if one input
port of the interferometer is illuminated with a Fock state
|n〉 of n photons, or with a coherent pulse |α〉 with an ex-
pected number of photons α2 = n, φ may be estimated
to a precision that scales as ∼ 1/√n.
It is possible to beat the standard quantum limit scal-
ing for phase estimation by generating either squeezed
states or entangled NOON states in the interferometer
[5, 10]. Indeed, these non-classical states saturate the ul-
timate Heisenberg limit for phase estimation, with a pre-
cision that scales as 1/n.
Given the superficial similarity between the 1/
√
n scal-
ing of the precision of phase estimation in the standard
quantum limit and the 1/
√
N scaling of the precision of
thermalising thermometers, it is natural to ask whether it
is possible to construct a “Heisenberg limited thermome-
ter”, whose precision improves as 1/N , just as the pre-
cision of Heisenberg limited phase estimation improves
as 1/n. In what follows, this question is answered in the
affirmative.
It is clear from the preceding analysis that any ex-
tensive, thermalising thermometer will be subject to the
scaling established above. In order to beat this scaling it
is therefore necessary to relax either extensivity (of the
internal energy) or thermalisation (of the thermometer).
The former seems difficult, since it requires interactions
within the thermometer to dominate at all scales. On
the other hand, the construction presented below demon-
strates that it is possible to do thermometry without
thermalising the thermometer1, and that such thermome-
ters may indeed attain the Heisenberg limit 1/N . This is
accomplished by mapping the problem of measuring the
1 Existing pyrometers measure temperatures that far exceed the
melting point of the device components.
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FIG. 2: An atomic interferometer with the bath in one branch.
Atoms from the thermometer are input into mode 1 and de-
tected in modes 5 and 6. Mode 2 is the vacuum port.
temperature of a bath to the problem of estimating an
unknown phase, then using techniques for optimal phase
estimation.
To demonstrate the function of a non-thermalising
thermometer, a toy model for the thermometer, the
bath and their interaction is now presented. The ther-
mometer is as described above: a collection of N non-
interacting, two-level atoms. The bath is similar, con-
sisting of M  N such atoms. The form of interaction
between the thermometer and the bath is crucial:
Hint = α
N∑
j=1
M∑
k=1
|〉j〈| ⊗ |〉k〈|, (10)
where index j refers to atoms in the thermometer and k
refers to atoms in the bath.
The thermometer atoms are assumed to be bosonic,
and creation and annihilation operators a†i and ai are in-
troduced for atoms in mode i acting on the atomic vac-
uum state |0〉.
The bath is assumed to be in a thermal state at some
unknown temperature, ρB = e
−βHbath/Zbath, isolated
from any environment, so that its internal energy is con-
stant during the thermometry, and embedded in an in-
terferometer, as depicted in Fig. 2. Suppose a single ther-
mometer atom is prepared in the state |〉 and introduced
to the input port, 1, of the atomic beam splitter which
effects the map
a†1 → (a†3 + i a†4)/
√
2. (11)
As the wavefunction propagates through the interferom-
eter the component in the branch containing the bath
acquires a phase φB = αmτ , where m is the the num-
ber of excited atoms in the bath and τ is the interaction
time.
By repeating this N times, φB and m = φB/(ατ) can
be inferred from the output statistics. This yields an es-
timate of both φB and m with a precision given by
σ(SN)m =
σ
(SN)
φB
ατ
=
1
ατ
1√
N
. (12)
Since 〈m〉 = M/(1 + eβ), the precision in the measured
temperature is shot noise limited:
σ
(SN)
β = σ
(SN)
m /|d〈m〉/dβ|
=
1 + eβ
 eβ
1
ατ
1√
N
(13)
Whilst this scaling is no better than that of a thermal-
ising thermometer, this construction demonstrates that
measuring the bath temperature using an N -atom ther-
mometer can be mapped onto the task of phase estima-
tion using N atoms. It follows that techniques from opti-
mal phase estimation lead to improved precision in ther-
mometry.
In particular, suppose the linear atomic beam split-
ters shown in Fig. 2 are replaced with non-linear beam
splitters that effect the N -atom map
(a†1)
N |0〉 → ((a†3)N + i(a†4)N )|0〉, (14)
which maps an N photon fock state onto a NOON state
in which all N atoms take the same branch. As the atoms
in the upper branch interact with the bath atoms, accord-
ing to the toy Hamiltonian given above, a phase NφB is
accumulated on mode 4:
→ ((a†3)N + i eiN φB (a†4)N )|0〉, (15)
As shown in [11], this state has maximal Fisher informa-
tion with respect to φB , so φB can be measured at the
Heisenberg limit, i.e. with precision σ
(H)
φB
= 1/N . This is
accomplished by measuring the observable
AˆN = (a
†
3)
N |0〉〈0|(a3)N + (a†4)N |0〉〈0|(a4)N . (16)
It follows that the temperature can be measured with a
precision
σ
(H)
β = σ
(H)
m /|d〈m〉/dβ|
=
1 + eβ
 eβ
1
ατ
1
N
(17)
This demonstrates an N atom thermometer that can
indeed attain the Heisenberg limit, beating the shot noise
limit. In this construction, there were two crucial assump-
tions. Firstly, the bath was assumed to be isolated, so
that both m and M remain fixed during the measure-
ment. If m varies during the measurement, then fluctu-
ations in NφB would lead to dephasing of the NOON
state, and the precision would be reduced. If M varies,
then clearly m will also, but so does the estimate of the
total internal energy of the system.
4Secondly, the interaction between the atoms in the
bath and those in the thermometer must be precisely
engineered, to be of the form given in Eq. (10), which
is diagonal in the energy eigenbasis. This means that the
thermometer is not universal, since it must be designed to
be compatible with the bath. This is in contrast to ther-
malising thermometers, which attain thermal equilibrium
for a very large class of bath systems. Indeed, it suggests
that for thermometric standards, in which the bath is
chosen for convenient properties of its triple point, it is a
problem of extreme complexity to engineer a coupling of
the form required. Whilst there may be alternative mod-
els of thermometry that also attain the Heisenberg limit,
it is not clear that these two assumption can be relaxed.
As discussed above, the temperature of an isolated
thermal bath is intrinsically defined only to a precision
δβB ∼ 1/
√
M . It follows that the maximum precision
required of a thermometer is limited by the size of the
bath it is measuring: no advantage is gained by using a
thermometer capable of higher precision, nor in extend-
ing the integration time for improved averaging. The fact
that thermalising thermometers are shot noise limited,
δ
(SN)
βT
∼ 1/√N , implies that to reach the intrinsic preci-
sion determined by δβB such thermometers need to be at
least as large as the bath they are measuring, i.e.
δ
(SN)
βT
= δβB ⇒ N ∼M. (18)
This condition competes with the requirement that the
thermometer be much smaller than the bath, highlighting
the implicit tension between high-precision thermometry
and thermometer-induced perturbations of the bath.
In contrast, for a Heisenberg limited thermometer, for
which δ
(H)
βT
∼ 1/N , the condition
δ
(H)
βT
= δβB ⇒ N2 ∼M. (19)
is satisfied for N M , and so the thermometer may be
much smaller than the bath.
Small scale demonstrations of Heisenberg limited ther-
mometry using the ideas discussed here may be realised
in atom or ion traps, e.g. in a trap consisting of a rel-
atively few bath atoms (say M . 100), and even fewer
thermometer atoms (N ≈ √M . 10), possibly leading
to new techniques to measure the extremely low temper-
atures achieved in these systems.
Having established, by explicit construction, the ex-
istence of Heisenberg limited thermometers, there are
several natural question that follow from this work. It
seems plausible that the Heisenberg limit is the ulti-
mate limit of thermometry, however the constructive ar-
guments given here do not establish this definitively.
Further, the constraints on the bath and the interac-
tion Hamiltonian in the toy model required to attain the
Heisenberg limit of thermometry are potentially difficult
to engineer. There may be other implementations that
relax these constraints leading to more practical Heisen-
berg limited thermometers. Finally there is an intriguing
connection with thermal clocks [12] that remains to be
explored.
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